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Foreword 


This  ( 'uvular  roust  it  utcs  tin-  Court  h  item  of  a  rout  cm  plat  id  series  of  surveys 
and  tabulations  of  information  on  radiation  physics  t list t  an-  bring  curried  out 
with  the  support  of  tin*  Biophysics  Brunch  of  the  Atomic  Knergy  <  'ommissioti. 
Tit  fee  previous  items  have  been  {riven  limited  circulation  as  In  formal  reports. 

This  Circular  represents  primarily  a  tahulat  ion  in  graphical  form  of  certain 
well-known  and  rather  simple  mathematical  relationships.  The  goal  of  dis¬ 
playing  these  relationships  for  large  ranges  of  the  independent  variables  and 
in  a  manner  that  lends  itself  readily  to  interpolation  accurate  to  2  percent  has 
required  considerable  development  of  methods  and  an  amount  of  labor  of  nearly 
two  man-years.  'Phis  effort  need  not  seem  unduly  large  when  compared  to 
the  aggregate  effort  represented  by  a  number  of  partial  tabulations  prepared 
in  the  past  by  other  groups.  It  was  undertaken  in  the  hope  of  providing  a 
rather  definitive  reference  capable  of  fulfilling  most  anticipated  needs  except 
for  yet  undetermined  correction  factors  and  extension  to  energies  beyond  ">00 
million  electron  volts. 

It  is  hoped  that  the  derision  to  undertake  an  effort  of  this  magnitude  and 
to  utilize  a  graphical,  rather  than  tabular,  presentation  will  prove  justified. 
Critical  comments  and  suggestions  by  tin*  public  will  be  particularly  welcome, 
in  view  of  the  difficulty  of  assessing  the  priority  of  different  possible  tasks  in 
tliis  series  and  of  estimating  the  number  and  the  type  of  workers  who  may  uti¬ 
lize  similar  publications. 

C.  Fa  xo, 

N  uclear  Physics  Stay  ion. 

National  Bureau  of  Standards. 
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Graphs  of  the  Compton  Energy-Angle  Relationship  and  the 
Klein-Nishina  Formula  from  10  Kev  to  500  Mev 


Ann  T.  Nelms 


'1  lie  Compton  energy  vitmis  angle  relat  ii>n>liip  anil  tin-  dilTorctit ial  ami  integral  i\  1- ■  i 1 1 - 
Xishitm  cross  sections  are  presented  grapliieully  ns  functions  <.f  the  energy  and  direction  of 
the  scattered  photon  and  of  the  recoil  electron.  These  graph-  are  intended  to  serve  (he  pur¬ 
pose  of  tables.  I  npolarized  primary  minima  rays  in  an  enemy  ramie  from  10  Kev  to  .">00 
Mev  are  considered.  The  accuracy  of  all  curves  is  estimated  at  I  percent.  The  advantage 
of  this  form  of  presentation  is  the  eonvetiienre  and  aeeuraey  of  two-way  tuterpoiat ion. 
In  general.  interpolated  values  may  tie  obtainerl  with  an  aeeuraey  of  2  portent. 


1.  Symbols 

The  following  svntbol  notation  is  used  through¬ 
out  this  paper: 

v„  —  Initial  photon  frequency,  see  h 
v  —  Scattered  photon  frequency,  see 

itr,,—' Initial  photon  energy  (A  — Planck's 
constant),  Mev 

hv  —  Scattered  photon  energy,  Mev. 

m—  Electron  rest-mass, 
r— Velocity  of  electromagnetic  radiation 
in  vacuum. 

«»=Ac»/»*r*  '--Energy  of  initial  photon  in  me-, 
a—  kv'me2  —  Energy  of  scattered  photon  in  me'1. 

X„-- mc-ihva~  T  or,  =  Wavelength  of  initial  photon  in 
Compton  wavelength. 

X  —  mt?jkv=  1/a  — ; Wavelength  of  scattered  photon  in 
Compton  wavelength. 

T—  Kinetic  energy  of  the  recoil  electron 
=  hv„~hv,  .^lev. 

9-  Angle  between  primary  photon  beam 
and  scattered  beam,  degrees 
Angle  between  primary  photon  beam 
and  direction  of  recoil  electrons, 
degrees. 

cn  -  Thomson’s  classical  cross  section 
3  it r2.  cm1  =  0.051  X  "2Srt«2.  where 
rn  —  r-hne-,  and  c  is  the  electronic 
ciiarge. 

Differential  Khin-Xishina  cross  section  per  electron: 

/(X„,X)  -Photon  wavelength  distribution. 

Thomson  cross  section  unit  per 
Compton  wavelength  unit  (see 
page  4). 

tia  thin  Angular  distribution  of  the  scattered 
photon,  endst eradiate 

ihphii  —  Angular  distribution  of  the  recoil 
elect  rori .  cw2/'steradiau . 

ila'ilhu  Energy  distribution  of  the  scattered 
photon,  rot2! Mev. 

Ha  dT  —  Energy  distribution  of  tlie  recoil 
elect ron.  cm2/ Mev. 

Integral  Ktein-Xishinn  cross  section: 

or  Total  Compton  cross  section, 
rm2/eloet  roll. 

aa  Effective  cross  section  for  the  energy 
absorbed  by  the  electron,  end  <*lee- 
t ron .  (See  see.  2.5-h,  page  ti) . 


2.  introduction 

After  discussions  with  various  members  of  the 
National  Bureau  of  Standards  Radiation  Physics 
Laboratory  who  expressed  a  desire  for  tabulations 
of  the  Compton  energy  versus  angle  relationships 
and  differential  and  integral  Klein-Nishina  cross 
section  for  unpolarized  '  gamma  rays,  a  survey  of 
the  literature  [1]  -  was  made.  This  study  included 
available  information  over  the  last  decade.  There 
are  two  unfavorable  characteristics  common  to 
all  of  the  presentations  of  such  data:  namely  ,  the 
energy  range  of  the  primary  radiation  is  limited 
and  tin1  forms  of  presentation  do  not  yield  accurate 
interpolated  values  of  the  cross  section. 

This  report  strives  to  eliminate  these  undesir¬ 
able  features.  The  data  are  expressed  in  tile 
units  used  most  often  by  experimentalists.  All 
calculations  and  curves  are  believed  to  be  accurate 
to  1  percent,  taking  as  a  basis  the  values  of 
constants  from  DuMond  and  Cohen. The  actual 
form  of  the  plots  is  such  that  interpolated  values 
can  he  obtained  in  general  within  2-percent 
aeeuraey. 

The  Compton  effect,  depicts  the  scattering  of  a 
photon  of  initial  energy  a„  by  a  “free”  electron, 
so  that  the  photon  has  a  degraded  energy  a.  and 
the  recoil  electron  has  acquired  a  kinetic  energy 
equal  to  a„—  a.  The  expression  for  a  us  a  function 
of  a0  and  of  the  angle  of  photon  scattering  6  is 
given  by 

a—  «„  jl  —•**.>(  1  — cos  0)|.  1 1) 


1  Kor  it  discussion  of  polarization.  sre  f  Kuno.  I .  opt.  S<u\  Am.  39. 
tV.iVSt 

*  FifHjn'h  in  hriirkrt*  iwlic:W<*  I  lit*  hfvr.'tfun  rrfrjvN/v'X  !\t  Ot»’  rod  ol 
paiM-r. 

*=J.  \V.  M  I’tiMow!  urui  K  K.  <Vh«  it.  U«- v .  H2,  < PC, I ■. 
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The  differential  Klein-Nishina  miss  section  |2j  for 
the  scat  ferine;  of  a  photon  in  the  direction  f>  per 
unit  solid  an. trie  is  expressed  as 


da  /,i  (  I  •  cos-  H) 

dil  2  [  1  f-  «„(  I  -  cos  ft)]- 

(  ,  o*l  1  — cos  0)~  ) 

^  (  1 -•  cos*  #)[  1  •-«„(  1  -  enstf)|j 


This  cross  section  can  he  expressed  in  terms  of  the 
energy  from  e<|  (1). 
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for  «„>«>«„  |1  •  2«„|.  The  total  Compton  cross 
section  can  he  ohtained  from  e<|  Id)  hy  integrating 
over  all  scattered  energies.  Hence 
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2.1.  Radiative  Correction  to  the  Klein- 
Nishina  Formula  for  Free  Electrons 

The  Compton  scattering  hy  free  electrons  is 
described  to  a  very  good  approximation  by  t lie 
Klein-.N  isliina  formula.  “Radiative  corrections’ 
arise  from  high-order  eiectrodynamic  effects  and 
are  associated  with  the  weak  bremsstrahltmg  gen¬ 
erated  in  the  sudden  recoil  of  the  electron.  These 
corrections  have  been  calculated  by  Sehafroth  |d| 
and  hy  Brown  and  Feynman  [4]  up  to  terms  pro¬ 
portional  to  <■  "  (giving  corrections  of  the  order 

'(hcj-v)  —  1  1  d7  to  the  K-.\  formula). 

The  net  effect  of  the  calculated  correction  is 
small,  of  the  order  of  I  percent  or  less.1  hut  it  con¬ 
sists  of  two  appreciable  portions  that  nearly  cancel 
one  another.  On  the  one  hand,  the  probability 
of  the  ordinary  Compton  effect  is  usually  reduced. 
On  the  other  hand,  one  must  consider,  in  this  ap¬ 
proximation,  the  probability  that  the  electron 
radiates  in  the  course  of  the  Compton  process  one 
(or  more)  photons  in  addition  to  tin*  scattered  one. 
This  additional  photon  usually  has  a  very  low 
energy  and  therefore  it  is  hard  to  detect,  and 
does  not  appreciably  affect  the  energy  balance  of 
the  process.  Therefore,  tin*  two  processes,  of 
ordinary  Compton  scattering  and  scattering  with 
two-photon  emission  (sometimes  referred  to  as 
double  Compton  effect),  are  not  readily  resolved 
operationally,  and  their  combined  probability 
must  be  calculated  (except  when  the  additional 
photon  has  unusually  high  energy)3. 

4  ('uli'uhifions  for  :m  ihciil»‘nt  photon  owrgy  of  2.t»2  Mrv  pivr  rnm*cl  ions  of 
the  unlor  of  I  |H»rmit  at  angles  aromnt  bn°,  when  a  photon  mingy  of  I cmi  K(*v 
is  {tssu  tried  for  til**  low-energy  photon.  The  integrated  f*or  reel  ion  is  less  than 
1  permit  and  has  been  stated  hy  ('olgate  |la|asaUnil  w. in  his  e\{M'rimcrtl . 

5  A  tleftuled  s.*fKir;tte  ralcnfcjt ion  of  either  etTe<>t  is  not  even  meaningful 
because  if  is  basil  *<1  on  the  assumption  of  a  fictitious  photon  mass.  This  point 
must,  he  horm  in  mind  when  examining  Ho* original  papers!  f|. 


2.2.  Experimental  Studies  of  the  Compton 

Effect 

Few  in  v  esi  igat  ion-,  have  been  made  <>f  (he  angu¬ 
lar  dis(  nfuit  ion  of  ill  e  -cat  Irivd  photon-  predicted 
hy  (lie  l\ Icin-N isliina  formula.  Of  these.  pos-ildy 
the  mosl  eonehlsive  le<t  is  given  hy  the  data  of 
llofstadl .*r  a iii I  McIntyre  jo]  for  ( 'o  '  -rad la t ion. 
Tliey  measured  the  number  of  coincidences  be¬ 
tween  the  recoil  electron  and  the  't-aiiered  photon 
as  a  fune i ion  of  the  angular  position  of  tin*  detector 
(stilhetle  ervstilli.  They  obtained  good  agree¬ 
ment  with  the  differential  Klein-N isliina  curve 
wit  bin  t  In1  ir  experiment  al  error  except  at  t  he  -ma  11- 
est  angles  used  !gO  and  i  a  J  i .  An  additional  ex- 
perimeti!  I»y  Hofstadter  and  McIntyre  [iij  yielded 
an  imlieat  ion  of  the  energy  dist ribut  ion  of  Comp¬ 
ton  electrons. 

\  timorous  ex  pi  rim  cuts  have  been  made  to  check 
the  Klcin-Xishiua  formula  for  Iota!  -cat  let  nig 
section.  Parkinson  [7]  found  agreement  with  pie- 
dictions  of  the  theory  w  ithin  an  e\p 'limental 
error  of  1  percent  lie  reviews  previous  similar 
work  where  the  total  scattering  cross  si  etioji  was 
obtained  from  measurements  of  the  total  attenua¬ 
tion  coefficient,  it  is  important  in  such  measure¬ 
ments  that  the  incident  energy  and  absorbing 
material  lie  chosen  so  that  Compton  seatiering 
gives  the  main  contribution  to  the*  total  attenua¬ 
tion.  Otherwise,  wore  reliance  than  is  justified 
may  he  placed  on  cross  sections  for  the  photo¬ 
electric  and  pair  production  processes. 

Verification  of  the  Compton  relationship  has 
been  thr  aim  of  many  experiments.  Most  of  this 
work  has  I  icon  summarized  hy  Cross  and  Ramsey 
|s|.  Their  results,  in  agreement-  with  Hofstadter 
and  McIntyre  [f»|,  indicate  that  the  recoil  electron 
and  scattered  photon  emitted  in  a  Compton 
scattering  event  are  simultaneous  within  a  time 
interval  of  less  than  l.’iX  10  'sec.  The  conserva¬ 
tion  of  energy  and  momentum  laws  have  been 
verified  in  various  experiments. 

2.3.  Corrections  to  the  Klein-Nishina  Form¬ 
ula  in  the  Case  of  Small  Momentun  Trans¬ 
fer 

The  assumption  of  free  electrons  initially  at  rest 
that  underlies  the  Klein-Nishina  formula  is  ap¬ 
proximately  valid  only  if  the  momentum  trans¬ 
ferred  to  the  electron  greatly  exceeds  the  initial 
momentum  of  the  electron's  motion  within  an 
atom.  In  terms  of  the  wavelengths  of  the  incident 
radiation  (X,,)  and  of  the  atomic  electron  (X,,).  this 
condition  reads 

Q 

X„/2  sin  -  <CX,(. 

When  this  condition  is  not  satisfied,  Compton 
scattering  is  complicated  by  tin*  bonds  that-  hold 
the  atomic  electrons  and  by  their  motion  within 
the  atom.  As  a  r<  suit-.  Compton  scattering 
becomes  less  frequent-  than  predicted  hy  the  Klein- 
Nishina  law. 
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a.  Reduction  of  the  probability  of  Compton  scattering 


In  an  approximate  calculation  one  may  regard 
the  probability  of  Compton  scattering  by  an 
atomic  electron  as  the  product  of  two  factors. 
The  first  factor  concerns  the  probability  that  the 
photon  is  deflected  by  a  certain  angle  {&)  and 
transfers  to  the  electron  a  corresponding-  amount 
of  momentum  p  as  though  the  electron  were  free. 
The  second  factor  concerns  the  probability  that 
the  electron,  having  received  a  momentum  p. 
will  absorb  a  certain  amount  of  energy'  and  thereby- 
become  excited  or  leave  the  atom.  The  first 
factor  is  given  by  the  differential  Klein-Xishina 
cross  section  (</erK_N)  for  free  electrons.  The 
second  factor  has  been  evaluated  by  Heisenberg 
and  Bcwilogua  [10)  on  the  basis  of  the  Fermi- 
Thomas  model.  They  evaluated  the  probability 
${hv,8.Z)  that  any  energy  absorption  whatsoever 
results  when  a  photon  of  frequency  v  is  scattered 
by  an  angle  8  and  transfers  a  momentum  p  ^ hv'l  sin 
(8  2),;c  to  the  electrons  of  an  atom  with  atomic- 
number  Z.  Thus  the  total  cross  section  for 
Compton  scattering  with  deflection  8  by  the  Z 
electrons  of  an  atom  is  given  approximately  by 

<1  oz=<!  <rK_yS(/t  v.8,Z)  (4a ) 

Tin*  dependence  of  S  cm  hv.  8.  and  Z  is  expressed 
in  terms  of  the  single  variable  C~  17N.4Z--  :'hv 
sin  8  2.  A  graph  of  S{  1 ')  is  given  in  figure  1. 

A  comparison  of  eq  (4a)  with  the  Klein-Xishina 
cross  section  for  Z- =82  is  shown  in  figure  2  for  an 
incident  photon  energy  of  .*100  Kev.  At  very 
small  angles  the-  cross  section  per  unit  solid  angle 
for  bound  electrons  is  considerably  lower  than 
that  for  free  electrons.  At  8  —  4°.  <!vz  is  about 
.■>()  percent  of  the  Klein-Xishina  cross  section  for 
Pb 


(  Z  ” N “ 048 X  10“M;  .S(n-0.4X<», 

so  that 


_y  do- K X 
<IU  <lil 


,sxr)=:n  r,  XI  ()"-")• 


The  miiictioM  of  tfie  probability  of  Compton 
scattering  is  more  than  compensated  for  by  the 
probability  of  coherent  scattering*  (unmodified 
radiation)  at  small  angles.  At  8  4°  and  Z- 82 

the  cross  section  pc>r  unit  solid  angle  for  coherently 
scattered  radiation  of  dOO-Kcv  energy  is8(»X  10“*'. 
or  about  Ft  times  the  Klein-Xishina  cross  section. 


b.  Modification  of  the  Compton  law 

Tin1  initial  state-  of  bound  motion  of  an  atomic 
elec. troll  also  causes  a  relaxation  of  the  Compton 
relationship  that  binds  the  energy  of  a  scattered 
photon  to  its  direction  and  the  direction  of  electron 


*  Coherent  scattering  is  the  object  of  tin  investigation  in  progress. 
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recoil  to  its  energy.  This  oiFoct  may  )«■  visualized 
in  two  equivalent  manners. 

The  atomic  electrons  may  he  regarded  as  initially 
free  hut  endowed  with  a  certain  statistical  distri- 
hution  of  velocities.  Then  the  Compton  rela¬ 
tionship  holds  exactly  in  the  moving  frame  of 
reference  in  which  each  electron  happens  to  he  at 
rest.  As  a  result,  photons  scattered  in  a  certain 
direction  do  not  have  identical  energies  (even 
though  their  initial  energies  were  equal).  The 
resulting  energy  spread  may  he  regarded  as  a 
Doppler  broadening  because  it  arises  from  the 
electron’s  motion. 

Alternately,  one  may  consider  that  the  momen¬ 
tum  transferred  to  an  electron  is  essentially  deter¬ 
mined  hy  the  angle  of  photon  scattering  (and  by 
the  incident  photon  energy).  As  a  result  of  this 
momentum  transfer,  the  electron  may  recoil  out 
of  the  atom  with  various  energies  and  leave  the 
energy  balance  to  the  photon.  (The  reduction  of 
Compton  scattering  probability  mentioned  in  sec¬ 
tion  a,  page  2,  corresponds  to  the  possibility  that 
the  recoil  is  absorbed  by  the  whole  atom  and  the 
electron  fails  to  bo  ejected.) 

According  to  either  picture,  the  balance  of 
momentum,  which  is  the  basis  of  the  Compton 
law.  must  take  into  account  the  initial  momentum 
of  the  electron's  motion  within  the  atom.  The 
direction  of  this  momentum  is  random.  Its  mag¬ 
nitude,  /)„,  may  be  regarded  as  roughly  related  to 
the  ionization  potential  of  the  electron,  /,  accord¬ 
ing  to  jr,,  2m  ~  I.  The  momentum  p  transferred 
from  the  photon  to  the  electron  equals  approxi¬ 
mately  kv„ 2  sin  (d:2)c  provided  hv„{\ —  cos  0)<tc //«■-’. 
The  momentum  //  with  which  the  electron  recoils 
out  of  tln>  atom  is  expected  to  lie  within  the 
approximate  limits  (]^}>±ph.  The  recoil  energy 
varies  correspondingly  within  the  approximate 
limits 


The  kinetic  energy  of  the  recoil  electron  varies 
within  the  limits 


T  .---= 


f  1  V2  :  il>2l 

2  m  2  m  ~  \  2  m 


More  specifically,  a  value  of  T  /r  2m  ±  (//-’/  2/a) 1/2 
is  found  by  calculation  to  occur  approximately 
half  as  frequently  as  the  value  /  p’J2m  (see 
below ). 

Semiquanlitativo  verification  of  the  energy  dis¬ 
tribution  of  recoil  electrons  was  obtained  by  l)u- 
Mond  [1  1]  from  an  experimental  determination  of 
the  spectral  distribution  of  photons  scattered  at  a 
given  angle. 

In  tin'  Compton  scattering  by  free  electrons, 
the  energy  of  the  scattered  photon  is  approxi¬ 
mately  equal  to  the  energy  of  the  incideni  photon 
when  hv„(\  —cos  0)<gmr'.  This  condition  holds 
for  all  values  of  0  when  hv„<Z£mr,  for  small  values 


of  H  when  hu„'~mt~.  and  for  very  small  values  of 
II  when  lu-„»  rn<-‘  for  all  these  eases,  of  course, 
the  kinetic  energy  acquired  by  the  electron  is 
small  and  may  be  evaluated  approximately  by  the 
above  expression  with  t he  subst  it ut ion  /<  /<i-  .2  sin 

(0  2 )  r.  For  example,  if  Ac „  .iiM)  Kcv.  /  1  i\ev 

and  O  (id  ’,  I  hen  7  -  1  :  id  Kcv. 

The  problem  of  the  energy  distribution  of  recoil 
electrons  in  Compton  scattering  is  equivalent  to 
the  corresponding  problem  for  inelastic  ^(altering 
of  elect  rolls  of  energy  /.'  by  atomic  elect  runs.  The 
energy  loss  It  of  an  electron  scattered  through  a 
moderately  large  angle  !  /V,  falls  approxi¬ 
mately  within  flic  limits  11  > j  ■_  2 \tjl,  where 

is  tin1  energy  loss  in  scattering  by  a  free  electron, 
and  11  (J  :  s<jl  is  half  as  frequent  as  11’  |12j. 

2.4.  General  Procedure  arid  Accuracy  of 
Calculations 

The  Compton  energy  versus  angle  values  were 
calculated  directly  from  cq  (1).  Corrections  to 
tin*  K!ein-.\ isliina  formula  discussed  in  the  pre¬ 
ceding  sections  were  not  included  in  the  calcula¬ 
tions  of  the  cross  sections.  The  differential  cross 
section  can  be  expressed  in  terms  of  wavelength 
X„  -  I  a„  from  cq  (.{ ). 

\\\  ■"'“(  x)  [x'+V.“2(X  XJ'!X  XJ''} 


where  X„<X<X„  *  2.  A  rcarrangcmcnl  of  cq  (*>) 
gives 


/(X„,X) 


1  <1  <T 

a,,  <i  x 


:$ 

s 


X„)  •  ( X  —  X..C 


<«) 


for  which  graphs  arc  given  (figs.  Ill.  a,  b.  and  c). 
This  particular  form  was  used  because  values  un¬ 
easily  calculated,  and  the  Klein- N ishina  cross 
section  in  terms  of  all  variables  may  be  obtained 
by  multiplying  cq  (t>)  by  suitable  factors.  Values 
of/(X„,X)  interpolated  front  this  grapli  were  usi-d 
as  a  general  guide  in  plotting  the  cross  sections; 
however,  the  various  graphs  were  eventually  con¬ 
structed  from  independent  recalculation  of  7(X„.X) 
for  the  appropriate  values  of  X ,  and  X. 

All  calculations  wi-rc  made  to  four  significant 
figures.  Considerable  effort  Was  made  Jo  place 
each  point  on  the  graphs  with  an  aouracy  of  1 
percent.  In  order  to  have  all  points  along  the 
curvos  as  accurate  as  tlic  plotted  points  from  which 
the  smooth  curves  were  drawn,  many  cheeks  for 
stnoothiu-ss  were  made.  Two  types  of  It-sls  were 
used.  First,  transversal  plots  of  the  original 
graphs  were  made.  All  irregular  points  were 
checked  by  calculation  if  the  deviations  wen- 
greater  than  tin- stated  accuracy  allowed.  Second, 
test  calculations  at  various  points  were  made. 
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Tabu-:  !.  Two  numph  s  of  tin'  urrunic’j  of  iutrr^olol ton 
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The  majority  of  those  tests  were  made  on  the 
penciled  graphs.  There  was  a  small  sacrifice  of 
accuracy  in  the  reproduction.  However,  a  few 
checks  on  tho*finishod  gmphs  show  that  the  error 
is  within  the  allowed  deviation.  Two  examples 
of  two-way  interpolation  are  {riven  in  table  1.  In 
the  first  case,  which  illustrates  tin*  energy -angle 
relationship  for  an  initial  gamma  ray  of  0.7')  Mov, 
where  O°<0<IH)°,  the  points  were  obtained  from 
figure  I,  h.  by  visual  judgment.  The  second  case 
is  an  interpolation  from  the  same  graph  for  con¬ 
stant  angle  (no0).  It  is  well  to  note  that  more 
accurate  values  of  table  1 .  a,  can  be  obtained  by  a 
family  of  curves  interpolated  at  constant  angles. 
Not  only  the  accuracy  of  the  curves  was  consid¬ 
ered  but  the  accuracy  of  values  obtained  by 
interpola  t  ion. 

To  obtain  maximum  accuracy  for  interpolated 
values,  the  type  of  plot  is  important.  For  this 
reason  different  kinds  of  plots  are  given  for  various 
initial  energies  and  in  different  ranges  of  the  same 
energy,  each  section  having  the  best  plot  for  ease  of 
interpolation.  The  tests  for  accuracy  of  inter¬ 
polated  values  indicate  that,  in  general,  values  may 
be  obtained  within  an  accuracy  of  2  percent. 

2.5.  Discussion  of  Graphs 

Each  section  that  follows  contains  a  discussion 
of  a  particular  group  of  graphs  that  is  designated 
by  a  single  roman  number. 


a.  Scattered  photon  energy  versus  angle  of  scattering 

(fill,  t) 

A  convenient  form  for  ei|  (i)  is 

/(  V  /,  !’„  j  1  •  0,1  1  fij|  .  <  7  I 

where  hv  and  iw„  are  in  Mev.  For  hv.^pinr,  the 
curves  decrease  rapidly  from  the  maximum  value 
at  zero  degrees  to  a  minimum  value  at  lSd° 
expressed  as 

hv.,  j  I  '  2rr„j  ~  2 //(<■'.  (Sj 

In  the  norirelativistie  region,  however,  the  photon 
does  not  lose  an  appreciable  amount  of  energy  by 
scattering,  that  is,  hv-h v„. 

b.  Recoil  electron  energy  versus  angle  of  scattering 

(fig-  ft) 

Since  the  recoil  electron  energy  7  is  the  differ¬ 
ence  between  the  initial  gamma-ray  energy  and 
the  energy  of  the  scattered  photon,  one  can  write 

/  2  or,,/)  v„  1 1  •  2or„--  t  I  ••«.,)*  tail"  ^1  *  ‘.I  r 

The  maximum  value  of  the  recoil  energy  is  at 
P  0  when  the  photon  is  scattered  by  1SU°.  The 
value  of  the  recoil  energy  is  then  expressed  as 

/’limy  2 or„/<  v„  I  I  •  2cr„).  <  10) 

The  maximum  deflection  of  the  electron  is  ltd'. 
At  this  limit  the  photon  is  scattered  in  the  forward 
direction.  Near  this  limit  the  electron  energy  is 
so  low  that  the  binding  effects  considered  in 
section  2. A  must  always  be  taken  into  account . 

c.  Photon  wavelength  distribution  (fig.  Ill) 

The  differential  cross  section  for  the  scattering 
by  a  free  electron  of  a  photon  with  initial  wave¬ 
length  A,  into  tlu*  wavelength  interval  X  to  X  ;  </\ 
is  given  by  cq  Mil.  The  original  graph  of  this 
function  is  a  large  master  chart  from  which  values 
were  taken  in  computing  cross  sections  (see  see.  d, 
page  7>).  Since  experimentalists  are  less  inter¬ 
ested  in  this  graph,  a  smaller  chart  is  presented 
here  for  illustration.  The  accuracy  desired  in  this 
report,  cannot  be  obtained  from  these  graphs. 

d.  Angular  distribution  of  the  scattered  radiation 

(fig.  tV) 

The  differential  cross  section  for  the  scattering 
of  a  photon  through  an  angle  0  into  the  solid  angle 
till  can  be  expressed  as  a  function  of/  (X...  X)  in  the 
following  manner 

<1  v  <T(/(X„.X)  r;[  (I  •  ros"'  0) 

<1  iU  2  7T  2  1 1  •  aj  \  cos  0)1- 

f  .  <»: ( i  -cos  0)-  j 

(  jl  :  ros'  0||  1  ;  <r„  (  I  —  cos  0 1 1  j 


-laid 


whore  l>  arecos  <1  •  A,  A  .  For  hv,.--  nn”  ihe 
cross  section  a])|)maelies  Thomson's  classical 
form t> In  for  scattering  .’/-fill  •  cos-Vh,  In  this 
region  the  curves  reach  a  minimum  tit  ‘.'0"  ahotil 
which  t he  (list ribttl ion  is  almost  symmetrical,  w ith 
maximum  values  of  the  cross  section  at  il  ami 
1  S0°.  This  eharacteris.ic  shape  disappears  a- 
A  [>lot  of  the  initial  photon  energy 
versus  tlie  ancle  at  which  thno  is  a  minimum  value 
of  the  cross  section  is  given  in  figure  IV.  m.  As 
hv„  increases  beyond  tin’,  the  distrihulion  is 
weighted  in  the  forward  direction. 

e.  Angular  distribution  of  the  recoil  electrons  (tig.  V) 

The  differential  cross  section  for  the  recoil  of  a 
free  electron  at  angle  \p  w  ith  respect  to  the  pnoton’s 
direction  of  propagation  into  the  solid  angK  i/l> 
is  w  ritten 

/hr  <Tu(  ( A„.X)  ( 1  ovFtl — cos  0)~ 

dil-i  2  k  cos'*  >p 

il  a  (1  •  a„F  (  1  -  -  cos  ft)"' 
tlilii  i  os'1  \p 

hi  r  2(o„--  1)  T  ''ll 

2  1  )*’  tair'  ip  ■  2«„  •  1J  cos  *  ip  I 

r 1  )■  tail-  Ip—  1T 
|_(o„  -  It-  lair'  ip  1 J 

4  a:  / 

[(«„--•  1 )-  tail'  \p . 1 1  j(a„"  D"  tali'  ip  ‘  2a„-  l 


An  anah-t-  ol  tin-  di-tri 
minimum  exist-  for  all  ctierg 
the  umumimi  i<  uadi  deiin 
For  lw.  i  d  M  cV  .  how  e  ver 


d  i-t  i  li  in  I  ion  -how  -  i  ha  I  a 

elielylc-  Fnr/ir  i  d  Mc\ 

deli  1 1 « *»  1  1  o  I  he  eij  iu  a  t  lire-. 

A  ev er.  •  he  IIIHIIIIII!I!I  ocelli'- 


alioiil  (l.o  Me\  from  I  lie  initial  photon  curryx 
Tin1  d i Ifereiice  in  the  \aliic  of  ila-  i  ro—  -eelion  al 
the  primary  eneryv  and  ai  the  em-ryv  where  lln- 
minimum  occurs  i-  s  f.ss  |il  A1  ;l  A.  j. 

'I'he  graph  for  primatw  energies  <  PHI  Ke\  (lie. 
\  I.  is  represents  nln  Jhrhr,  In ■  In-'  a- a  function 
of  the  percent a^e  of  i-tletyu  retained  h\  the  photon 
Not  to  have  changed  the  plot  in  this  range  would 
have  resulted  m  (he  curv  es  crossing  and  interpola¬ 
tion  would  have  l«ern  almost  impos-ihle.  To  read 
this  graph  one  must  find  t  he  percentage  of  t  he  ini  I  nil 
emiy  v  that  is  sea  1 1  ered .  The  va  I  ue  ol  t  lie  ordi  na  t  e 
ol  it  allied  should  lie  limit  i  plied  hv  t  his  perre’!'  aye  I  o 
have  the  cross  sect  inn  in  enr'  Mev.  Figures  \  II. 
d  to  h.  of  the  elect  roll  eneryv  distrihulion  curves 
can  hi*  used  as  an  alternate  method  of  ohtaininy 
values  of  the  cross  section  !>v  determining  the 
energy  of  the  recoil  electron  and  rending  l he  cross 
section  directly  in  cur  Mev.  For  example,  lei  us 
determine  the  different i;d  cross  section  for  the 
scattering  of  a  gamma  ray  with  an  initial  energy 
of  4t)  Kev  so  that  the  scattered  energy  is  .'id.1, 1  Ke\  . 
'I’he  scattered  energy  is  N9..S  percent  of  the  initial 
energy,  and  the  corresponding  ordinate  reading 
0.107  ■  10  -'em-  percentage  of  encryv  retained  by 
the  photon  0.107  Ntl.N  ■  10  •'  tl.fi  1  |()  - 

cm-  Mev.  Ising  the  alternate  method,  one  obtains 
the  energy  of  the  recoil  electron  as  4 .  f  Kev. 
From  figure  Yll,  g,  tin*  cross  section  is  retul 
direcllv  its  0.0  <  |0"-';  cm-  Kev. 


where  \p  -  aretitn  (  1  )  T  ~a"n  —  1 1  . 

For  hv.,<P_ 0.2  Mev.  the  curves  for  low  primary 
energies  lie  above  those  for  high  primary  energies. 
This  trend  is  also  true  for  hv„ /•(). 2  Mev  a t  large 
singles.  For  initial  photon  energies  0.2  Mev  the 
curves  cross  sit  small  angles  so  that  at  zero  degrees 
the  curve  for  highest  initial  photon  energy  is 
above  all  curves  for  lower  initial  energies.  In 
order  to  give  the  cross  sections  clearly  at  small 
angles,  the  angles  are  plotted  on  a  logarithmic 
scale.  For  convenience  in  reading  the  value  of 
the  cross  section  at  zero  degrees,  a  few  linear  plots 
of  angle's  were  made  in  that  region. 

f.  Energy  distribution  of  the  photon  (fig.  VI) 

The  differentia!  cross  section  for  the  scattering 
of  a  photon  of  initial  energy  hv„  into  the  energy 
interval  hv  to  hv-r-tlhv  is  given  bv 
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g.  Electron  energy  distribution  (fig.  VII) 

The  differential  cross  section  for  giving  a  free 
electron  a  recoil  energy  in  tin*  interval  from  T  to 
7’  f -tlT  is  written 


i  hr  il  a  irj 
il  l  <1  It  v  tin 


Kr-»ei=-i»,eu|,  nn 

where  l  hv,.  -hv.  The  maximum  value  of  the 
cross  section  occurs  at  /lnax  (see  e<|  (10)).  For 
hv.^trir,  the  cross  section  decreases  rapidly  and 
gradually  flattens  as  7  approaches  zero  with  a 
shallow  minimum  at  T  ^  me-  (see  sec.  f,  page  fit. 
At  lower  initial  primary  energies  the  minimum  be¬ 
comes  more  pronounced. 

h.  Integral  Klein-Nishina  cross  section  (fig.  \  III) 

The  integral  Klcin-Xishina  cross  se '(ion  is  given 
hv  ei|  (4)  An  approximation  to  this  equation  for 
hv„:i>inr-  ts  given  l>\ 


■r"S  hv., 
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Reference?. 


This  shows  that  the  total  (’ompton  cross  section 
decrenses  w  ith  increasing  enerjry. 

The  atlcnuat ion  of  an  incident  beam  of  X-rays 
is  determined  by  the  total  number  ol  photons  scat¬ 
tered  out  as  a  result  of  collisons  w  ith  the  elect  runs 
of  a  material.  However,  the  probable  enenxy 
transfer  to  a  material  by  a  beam  of  X-ra_\s  is  <h  ■ 
terminetl  in  the  product  ol  the  averajre  Iraetioti 
of  the  incident  photon  enerjry  that  is  t ransterrcil 
to  thi'  recoil  electron  in  a  sinjile  (’ompton  scatler- 
in<r  proei'ss  and  of  t  lie  total  scat  terinir  cross  sect  ion. 
This  product  hr7-  is  frequently  referred  to  as  the 
“true  absorpt  ion  cross  sect  ion"  a,,  for  t  he  ( 'ompton 
process.  In  liftin'  \  111  a  plot  of  a r  and  a.,  is  pre¬ 
sented  and  li>;mv  \  111.  i>.  shows  the  fraction  o| 
tin'  incident  eneriry  that  is  t.ransferre<l  to  the  scat¬ 
tered  photon  and  to  the  recoil  electron  in  a  single 
('ompton  seat  terinir  process. 


I  thank  f.  Fano  for  many  helpful  dis<Mtssions. 
(i.  K.  White,  w  ho  offered  closer  guidance  ('specially 
in  the  development  of  the  Introduction,  and  the 
members  of  the  Radiation  La  born  low  and  others 
who  math'  contributions  through  discussions  ami 
correspondence. 
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